Spaces of p-Vectors of Bounded Rank

Boaz Gelbord and Roy Meshulam^∗

October 15, 1998

Abstract

Let V be an n-dimensional space over an infinite field of characteristic different from 2. The rank of w ∈ ⋀_p V is the minimal dimension of a subspace U ⊂ V such that w ∈ ⋀_p U . Extending a well-known result on linear spaces in the Grassmannian, it is shown that if p ≤ k < n then the maximal dimension of a subspace W ⊂ ⋀_p V such that rank w ≤ k for all w ∈ W is

max{ ( k + ϵ p ) , ( m p ) + (k − m)(n − m)} where ϵ = 1 if k = p or p = 2|k, ϵ = 0 otherwise, and m satisfies (_{m−1} p−1 ) + m ≤ k ≤ (_m p−1 ) + m .

1 Introduction

Let V be an n-dimensional vector space over an infinite field F of characteristic different from 2, and let ⋀_p V denote the p-th exterior power of V . The enveloping space E(w) of a p-vector w ∈ ⋀_p V is the unique minimal subspace U ⊂ V such that w ∈ ⋀_p U. The rank of w is defined by rank w = dim E(w).

In this paper we are concerned with the maximal dimension of linear subspaces of ⋀_p V consisting of p-vectors of bounded rank. Our work is motivated by two results on linear spaces in certain algebraic varieties:

Math Subject Classification. 15A72, 05D05.

Keywords and Phrases. Exterior algebra, rank of p-vectors, hypergraphs and matchings

∗Supported by THE ISRAEL SCIENCE FOUNDATION founded by the Academy of Sciences and Humanities.

a) Let G_p(V ) denote the Grassmannian of all p−dimensional linear subspaces of V . We identify G_p(V ) with its image under the Plücker embedding in the projective space P( ⋀_p V ). The maximal linear spaces in G_p(V ) are classically described (see e.g. Exercise 6.9 in [8]) by the following

Proposition 1.1 If M is a maximal linear space in G_p(V ) ⊂ P( ⋀_p V ) then either M = {Λ ∈ G_p(V ) : Λ ⊂ U} for some (p + 1)-dimensional subspace U ⊂ V , or M = {Λ ∈ G_p(V ) : Λ ⊃ U^′} for some (p − 1)-dimensional U^′ ⊂ V .

While easy to prove, Proposition 1.1 plays a role in a variety of applications (see e.g. Theorem 10.19 in [8], Theorem 2.4 in [5] and [13]). A p-vector w ∈ ⋀_p V is decomposable if rank w = p. Proposition 1.1 implies that if W ⊂ ⋀_p V is a linear space of decomposable p-vectors then either W ⊂ ⋀_p U for some (p+1)-dimensional U ⊂ V or W ⊂ {v_1 ∧ · · · ∧ v_{p−1} ∧ v : v ∈ V } for some v_1, . . ., v_{p−1} ∈ V . In particular

dim W ≤ max{p + 1, n − p + 1} . (1)

b) Let M_n(F) denote the space of n × n matrices over F. Linear spaces of matrices of bounded rank have been studied extensively both for their own interest and in connection with certain preserver problems (see e.g. [1, 2, 5, 3]). Flanders [6] (see also [11]) proved that if W ⊂ M_n(F) is a linear subspace such that rank A ≤ k for all A ∈ W , then dim W ≤ kn, and equality holds only for W = E ⊗ F^n or W = F^n ⊗ E where E is a k-dimensional subspace of F^n . A skew-symmetric counterpart of Flanders’ result is given in [12]: If W ⊂ M_n(F) is a linear subspace of skew-symmetric matrices of rank at most k = 2t < n then

dim W ≤ max{ ( 2t + 1 2 ) , ( t 2 ) + t(n − t)} . (2)

Our main result is a common extension of (1) and (2) to subspaces of p−vectors of bounded rank. For a subspace W ⊂ ⋀_p V let ρ(W ) = max{rank w : w ∈ W }, and for p ≤ k < n let f_p(n, k) = max{dim W : W ⊂ ⋀_p V , ρ(W ) ≤ k}. f_p(n, p) and f_2(n, k) are given by (1) and (2) respectively. Here we determine f_p(n, k) in general.

For p ≤ k ≤ n let ϵ_p(k) = 1 if p = k or p = 2|k, and ϵ_p(k) = 0 otherwise. Let m_p(k) denote the unique m such that (_{m−1} p−1 ) + m ≤ k ≤ (_m p−1 ) + m .

Define a_p(k) = (_{k+ϵp (k)} p ) , b_p(n, k) = (_{mp(k)} p ) + (k − m_p(k))(n − m_p(k)) and h_p(n, k) = max{a_p(k), b_p(n, k)}. Theorem 1.2 f_p(n, k) = h_p(n, k) for p ≤ k < n.

We recall some definitions from exterior algebra (for more details see [10]). We assume throughout that V = F^n and denote the standard basis by e_1, . . ., e_n. For x = (x_1, . . ., x_n), y = (y_1, . . ., y_n) ∈ V let (x, y) = ∑_n i=1 x_iy_i.

The standard non-degenerate pairing on ⋀_p V is given by (u_1 ∧ · · ·∧ u_p, v_1 ∧ · · · ∧ v_p) = det[(u_i, v_j)]^p_{i,j=1} . A p-vector w ∈ ⋀_p V defines a unique linear map w : ⋀_q V → ⋀_{q−p} V which satisfies (u w, v) = (u, w ∧ v) for all u ∈ ⋀_q V , v ∈ ⋀_{q−p} V . The enveloping space of w ∈ ⋀_p V is given explicitly by E(w) = {w u : u ∈ ⋀_{p−1} V }. The rank of a non-decomposable w ∈ ⋀_p V is at least p + 2, and the rank of w ∈ ⋀_2

V is always even. It follows that rank w ≠ k + ϵ_p(k) for all k. Denote [n] = {1, . . ., n} and [a, b] = {a, a + 1, . . ., b}. For a set X let (_X p ) = {A ⊂ X : |A| = p}. For F = {i_1 < · · · < i_p} ⊂ [n] let e_F = e_{i1} ∧ · · · ∧ e_{ip} . If |F | = p ≤ q = |F^′| then e_F ′ e_F = ±e_F ′_{−F} if F ⊂ F^′, and zero otherwise. With a p-graph F ⊂ (_{[n]} p ) we associate the subspace W (F) = Span{e_F : F ∈ F} ⊂ ⋀_p V . Let p ≤ k < n and let ϵ = ϵ_p(k), m = m_p(k). The lower bound on f_p(n, k) is provided by the following examples of spaces of rank at most k: 1. Let A_p(k) = (_{[k+ϵ]} p ) , then dim W (A_p(k)) = |A_p(k)| = a_p(k). If w ∈ W (A_p(k)) then E(w) ⊂ Span{e_i : 1 ≤ i ≤ k + ϵ}, hence rank w ≤ k. 2. Choose an arbitrary subset {G_1, . . ., G_{k−m}} ⊂

(_{[m]} p−1 ) , and let B_p(n, k) = ( [m] p ) ∪ {F ∈ ( [n] p ) : F ∩ [m] ∈ {G_i}^{k−m}_{i=1} } . dim W (B_p(n, k)) = |B_p(n, k)| = b_p(n, k). If w ∈ W (B_p(n, k)) then there exist v_1, . . ., v_{k−m} ∈ V such that w = ∑ F ∈(^{[m]}_p ) c_F e_F + k−m∑ i=1 c^′_i e_{Gi} ∧ v_i .

Hence E(w) ⊂ Span{e_1, . . ., e_m, v_1, . . ., v_{k−m}} and rank w ≤ k. It follows that f_p(n, k) ≥ h_p(n, k).

The proof of the upper bound in Theorem 1.2 involves some multilinear algebra and extremal finite set theory. In section 2 we use the notion of weak matching in a uniform hypergraph to give a combinatorial lower bound on the maximal rank in a subspace of p-vectors. In section 3 we prove an extremal result for weak matchings which then yields the upper bound on f_p(n, k). We conclude with a problem concerning the uniqueness of the extremal examples.

2 A lower bound on the maximal rank

A p-graph H ⊂ (_{[n]} p ) is a weak matching (abbreviated w-matching) if |H_1 ∩ H_2| < p − 1 for all H_1 ≠ H_2 ∈ H. A w-matching H covers a set X if ∪_{H∈H}H ⊃ X. For F ⊂ (_{[n]} p ) let λ(F) = max{| ∪_{H∈H} H| : H ⊂ F is w-matching }.

The colexicographic order on (_{[n]} p ) is given by A ≺ B if max(A △ B) ∈ B.

For A ⊂ [n] let α(A) = ∑ i∈A 2^i, then A ≺ B if and only if α(A) < α(B).

For 0 ≠ w = ∑ |F |=p cF eF ∈ ⋀_p V let q(w) = max{F : c_F ≠ 0} denote the index of the leading non-zero coefficient of w in the colexicographic order. With a subspace W ⊂ ⋀_p V we associate the p-graph F_W = {q(w) : 0 ≠ w ∈ W }. Clearly |F_W | = dim W . A link between the maximal rank in W and weak matchings in F_W is given by the following

Theorem 2.1 ρ(W ) ≥ λ(F_W ) .

Proof: Let F = {F_1, . . ., F_t} ⊂ F_W be a w-matching such that A = ∪^t_{i=1}F_i has cardinality λ(F_W ). We may assume that the F_i’s are distinct and F_i = q(w_i), where w_i = ∑ H⪯F_i ci(H)eH ∈ W and ci(Fi) = 1. Let [t]^A denote the set of mappings from A to [t]. Fix a ϕ ∈ [t]^A such that j ∈ F_{ϕ(j)} for all j ∈ A, and let G_j = F_{ϕ(j)} − {j}. Let x_1, . . ., x_t be variables and let w(x) = ∑_t i=1 x_iw_i. We’ll show that there exists an a = (a_1, . . ., a_t) ∈ F^t such that rank w(a) ≥ |A| = λ(F_W ). Let B = [n] − A and define u(x) = e_B ∧ ⋀ j∈A(w(x) e_{Gj} ). Then u(x) = p(x)e_{[n]} where p(x) ∈ F[x_1, . . ., x_t]. It suffices to show that p(x) ≠ 0. Indeed, this will imply that there exists an a ∈ F^t such that u(a) ≠ 0 and in particular ⋀ j∈A(w(a) e_{Gj} ) ≠ 0. Since the lefthand side belong to ⋀_{|A|} E(w(a)), it follows that rank w(a) = dim E(w(a)) ≥ |A| = λ(F).

We’ll show that the monomial ∏ j∈A x_{ϕ(j)} = ∏_t i=1 x^{|ϕ−1(i)|} i appears in p(x) with a non-zero coefficient. Now u(x) = e_B ∧ ⋀ j∈A ( t∑ i=1 x_iw_i e_{Gj} ) = ∑ ψ∈[t]^A (e_B ∧ ⋀ j∈A (w_{ψ(j)} e_{Gj} ) ∏ j∈A x_{ψ(j)} . Let M = {ψ ∈ [t]^A : ∏ j∈A x_{ψ(j)} = ∏ j∈A x_{ϕ(j)}} , then for ψ ∈ M e_B ∧ ⋀ j∈A (w_{ψ(j)} e_{Gj} ) = e_B ∧ ⋀ j∈A ( ∑ H_j ⪯F_{ψ(j)} c_{ψ(j)}(H_j )(e_{Hj} e_{Gj} ) = ∑ {(H_j )_{j∈A} : H_j ⪯F_{ψ(j)} } ∏ j∈A c_{ψ(j)}(H_j) e_B ∧ ⋀ j∈A (e_{Hj} e_{Gj} ) . If e_B ∧ ⋀ j∈A(e_{Hj} e_{Gj} ) ≠ 0, then H_j ⊃ G_j for all j ∈ A, and ⋃ j∈A(H_j − G_j ) = A. Combining this with ∑ j∈A α(F_{ψ(j)}) = ∑ j∈A α(F_{ϕ(j)}) we obtain ∑ j∈A 2^j = ∑ j∈A (α(H_j ) − α(G_j )) ≤ ∑ j∈A (α(F_{ψ(j)}) − α(G_j )) = ∑ j∈A (α(F_{ϕ(j)}) − α(G_j )) = ∑ j∈A 2^j .

Hence H_j = F_{ψ(j)} for all j ∈ A. It follows that the coefficient of ∏ j∈A x_{ϕ(j)} in u(x) is ∑ ψ∈M e_B ∧ ⋀ j∈A (e_{Fψ(j)} e_{Gj} ). (3)

Let j ∈ A. Since F is a w-matching G_j is contained in a unique F_i, namely F_{ϕ(j)}. It follows that the unique nonzero summand in (3) is the one corresponding to ψ = ϕ, hence the coefficient of ∏ j∈A x_{ϕ(j)} in u(x) is e_B ∧ ⋀ j∈A (e_{Fϕ(j)} e_{Gj} ) = ±e_{[n]} ≠ 0 . □ We can now give a combinatorial upper bound on f_p(n, k). Let g_p(n, k) = max{|F| : F ⊂ (_{[n]} p ) , λ(F) ≤ k}. Corollary 2.2 f_p(n, k) ≤ g_p(n, k).

Proof: Let W be subspace of ⋀_p V such that ρ(W ) ≤ k and dim W = f_p(n, k). By Theorem 2.1 λ(F_W ) ≤ ρ(W ) ≤ k, hence f_p(n, k) = dim W = |F_W | ≤ g_p(n, k). □

3 An extremal problem for weak matchings

To complete the proof of Theorem 1.2 it suffices, by Corollary 2.2, to show the following combinatorial result.

Theorem 3.1 g_p(n, k) = h_p(n, k) for p ≤ k < n.

The graphical case p = 2 of Theorem 3.1 is due to Erdős and Gallai [4]. The proof in [4] applies Tutte’s Theorem on graph matchings (See [9]). Unfortunately we do not have a Tutte’s type characterization of weak matchings in hypergraphs, so for the general case we must proceed differently. For the lower bound note that λ(A_p(k)), λ(B_p(n, k)) ≤ k hence g_p(n, k) ≥ h_p(n, k). The first step in the proof of the upper bound is an application of the shifting method (see e.g. [7]).

Let 1 ≤ i < j ≤ n. The (i, j)-shift of a hypergraph F ⊂ 2^{[n]} is given as follows: For F ∈ F let S_{i,j} (F ) = { F − {j} ∪ {i} if j ∈ F , i ∉ F , F − {j} ∪ {i} ∉ F F otherwise

and let S_{i,j} (F) = {S_{i,j} (F ) : F ∈ F}. Note that |S_{i,j} (F)| = |F|.

Claim 3.2 For 1 ≤ i < j ≤ n , λ(S_{i,j}(F)) ≤ λ(F).

Proof: We may assume (i, j) = (1, 2) and abbreviate S_{1,2} = S. Let G = {G_1, . . ., G_t} ⊂ S(F) be a w-matching such that A = ⋃_t i=1 G_i satisfies |A| = λ(S(F)), and let G_i = S(F_i). If F_i = G_i for all 1 ≤ i ≤ t then G ⊂ F and we are done. Suppose then that F_{j0} ≠ G_{j0} , and let I = {1 ≤ i ≤ t : 1 ∉ G_i , 2 ∈ G_i}, J = [t] − I. If i ∈ I then F_i = G_i and F^′_i = F_i − {2} ∪ {1} ∈ F. Let I_1 = {i ∈ I : |F^′_i ∩ F_j | < p − 1 for all j ∈ J} , I_2 = {i ∈ I − I_1 : |F_i ∩ F_j | < p − 1 for all j ∈ J}. Let H = {F_i}_{i∈J∪I2} ∪ {F^′_i }_{i∈I1} ⊂ F. By the construction H is a w-matching. Let B = ⋃ H∈H H. The following observations imply that λ(F) ≥ |B| ≥ |A| = λ(S(F)): 1. |B ∩ {1, 2}| ≥ |A ∩ {1, 2}| : Note that 2 ∈ F_{j0} ⊂ B. If 2 ∉ A we are done, else 2 ∈ G_l for some 1 ≤ l ≤ t. If 1 ∈ G_l then l ∈ J and {1, 2} ⊂ G_l = F_l ⊂ B. Otherwise l ∈ I. If l ∈ I_1 then 1 ∈ F^′_l ⊂ B. Otherwise |F^′_l ∩ F_j | = p − 1 for some j ∈ J and 1 ∈ F_j ⊂ B. Thus 2 ∈ A implies B ⊃ {1, 2}. 2. B ∩{3, . . ., n} = A∩{3, . . ., n} : It suffices to show that G_i ∩{3, . . ., n} ⊂ B for all i ∈ I − (I_1 ∪ I_2). Let j_1 ≠ j_2 ∈ J such that C_1 = F^′_i ∩ F_{j1} , C_2 =

F_i ∩ F_{j2} satisfy |C_1| = |C_2| = p − 1. If C_1 − {1} = C_2 − {2} = C, then |G_{j1} ∩G_{j2} | = |{1}∪C| = p−1, a contradiction. Therefore C_1−{1} ≠ C_2−{2}, hence G_i ∩ {3, . . ., n} ⊂ F_i ⊂ F_{j1} ∪ F_{j2} ⊂ B. □ We proceed with the proof of Theorem 3.1: Let F ⊂ (_{[n]} p ) be a p-graph such that λ(F) ≤ k < n and |F| = g_p(n, k). Since h_p(n, p) = h_p(n, p + 1) and h_2(n, k) = h_2(n, k + 1) when k is even, we may assume that k ≥ p + 1 and that k is odd if p = 2. By finitely many applications of Claim 3.2 we may assume that F is shifted, i.e. S_{i,j} (F) = F for all 1 ≤ i < j ≤ n. Let r denote the maximal integer for which there exists an F ∈ F of the form F = {i_1 < · · · < i_{p−1} = r < i_p}. Let m = m_p(k). If r ≤ m − 1 then |F| ≤ ( r p ) + ( r p − 1 ) (n − r) ≤ ( m − 1 p ) + ( m − 1 p − 1 ) (n − m + 1) = ( m p ) + ( m − 1 p − 1 ) (n − m) ≤ ( m p ) + (k − m)(n − m) = b_p(n, k) . If r ≥ k+1 then F contains all sets F = [p−2]∪{i, j} for p−1 ≤ i < j ≤ k+2. In particular F_i = [p − 2] ∪ {p − 1 + 2i, p + 2i} ∈ F for 0 ≤ i ≤ t = ⌊^{k−p}_2 ⌋ + 1, hence λ(F) ≥ | ⋃_t i=0 F_i| ≥ k + 1, a contradiction.

We shall therefore assume that m ≤ r ≤ k. For j ∈ [n] let F(j) = {F −{j} : j ∈ F ∈ F}, deg(j) = |F(j)|. Since F is shifted deg(1) ≥ · · · ≥ deg(n). We consider two cases:

(i) If deg(j) ≤ k + 1 − j for some r + 1 ≤ j ≤ k + 1 then |F| ≤ ( r p ) + ( r p − 1 ) (j − r − 1) + (k + 1 − j)(n − j + 1) ≤

max{ ( r p ) + (k − r)(n − r), ( r p ) + ( r p − 1 ) (k − r)}. Since u(x) = (_x p ) +(n−x)(k−x) is convex for x ≥ p−1, and (_r p ) + (_r p−1 ) (k−r) ≤ (_k p ) , it follows that

|F| ≤ max{ ( k p ) , ( m p ) + (n − m)(k − m)} = max{a_p(k), b_p(n, k)} .

(ii) If deg(j) ≥ k + 2 − j for all r + 1 ≤ j ≤ k + 1, then we can successively choose F_{k+1}, F_k, . . ., F_{r+1} ∈ F such that j ∈ F_j and {F_j − {j}}^{k+1}_{j=r+1} are all distinct. It follows that {F_j }^{k+1}_{j=r+1} is a w-matching, and by shifting we may assume ⋃_{k+1} i=r+1 Fi = [t] ∪ [r + 1, k + 1] for some p − 1 ≤ t ≤ r. Since

[p − 2] ⋃ {r, r + 1} ∈ F (by definition of r) it follows that C_j = [p − 2] ∪ {r − 2j − 1, r − 2j} ∈ F for 0 ≤ j ≤ ⌊^{r−t}_2 ⌋ − 1 = b. Let H = {F_j }^{k+1}_{j=r+1} ∪ {C_j }^b_{j=0}, then H ⊂ F is a weak matching and k+1⋃ j=r+1 F_j ∪ b⋃ j=0 C_j = { [k + 1] r − t even [k + 1] − {t + 1} r − t odd (4) Since λ(F) = k it follows that r − t must be odd.

To bound |F| in this case, we need the following simple but somewhat technical observations:

Let p − 1 ≤ i ≤ t, then H_i = [p − 2] ⋃ {i, t + 1} ∈ F. Since ⋃ H∈H H ⋃ H_i = [k + 1] it follows that H ∪ {H_i} is not a w-matching. Therefore there exists a r + 1 ≤ j_i ≤ k + 1 such that |F_{ji} ⋂ H_i| = p − 1, i.e. F_{ji} = [p − 2] ∪ {i, j_i}.

By shifting we may assume that r + 1 ≤ j_t < j_{t−1} < · · · < j_{p−1} ≤ k + 1. Let S = [p−2]∪{t+1, r+1} ∈ F. If j_t > r+1, then H∪{S} is a w-matching which covers [k + 1]. Hence j_t = r + 1. Denote J = {j_{p−1}, . . ., j_t} ⊂ [r + 1, k + 1], and for p − 1 ≤ i ≤ t let F^′_{ji} = [p − 2] ∪ {i + 1, j_i}. Let I = {p − 1 ≤ i ≤ t : j_i = r + t + 1 − i and F^′_{ji} ∈ F}. Let l = max([p−1, t]−I) if I ≠ [p−1, t] and l = p−2 otherwise. Since t ∈ I it follows that p − 2 ≤ l ≤ t − 1. Let G_j = F_j − {j}, and let G = {G_j }^{k+1}_{j=r+1}.

Claim 3.3 (a) For any t + 1 ≤ j ≤ n, F(j) ∩

(_{[t]} p−1 ) ⊂ G. (b) If [p − 2] ⊄ G ∈ G then G ⊂ [l]. (c) If F ∈ F ∩ (_{[t]} p ) and F ⊅ G for all G ∈ G, then F ⊂ [l].

(d) If F ∈ F satisfies |F ∩ [t + 1, n]| ≥ 2, then |F ∩ [t + 1, n]| = 2 and F ⊃ [p − 2]. (e) F(j) ⊂ {G_j }^{k+1}_{j=r+t−l+1} for all r + t − l + 1 ≤ j ≤ n (f) t − p + 2 ≤ k + 1 − r ≤ t − l + (_l p−1 ) . Proof: We prove (a)-(e) by showing that in each case the assumption to the contrary implies the existence of a w-matching in F which covers [k +1], a contradiction.

(a) Otherwise there exists an F ∈ F ∩

(_{[t+1]} p ) such that t + 1 ∈ F and F − {t + 1} ∉ G. It follows that H ∪ {F } is a w-matching which covers [k + 1].

(b) Otherwise there exists a j ∈ [r + 1, k + 1] − J such that l + 1 ≤ max G_j = i_0 ≤ t. It follows that H −{F_{ji} }^t_{i=i0} ∪{F^′_{ji} }^t_{i=i0} is a w-matching which covers [k + 1].

(c) Otherwise let l+1 ≤ i_0 = max F ≤ t, then H−{F_{ji} }^t_{i=i0} ∪{F^′_{ji} }^t_{i=i0} ∪{F } is a w-matching which covers [k + 1].

(d) Otherwise F can be shifted to F^′ ∈ F such that [p−2] ⊄ F^′ ∈ F ∩

(_{[t+2]} p ) and t + 1, t + 2 ∈ F^′. If t ∉ F^′ then H ∪ {F^′ − {t + 2} ∪ {t}} is a wmatching covering [k + 1]. Otherwise let F^{′′} = [p − 2] ∪ {t + 3, r + 1}, then H − {F_{r+1}, C_b} ∪ {F^′, F^{′′}} is a w-matching covering [k + 1]. (e) It suffices to show that F = [p − 2] ∪ {l + 1, r + t − l + 1} ∉ F. If j_l = r + t − l + 1 then this follows from the definition of l. Otherwise r + t − l + 1 ∉ J and H − {F_{ji} }^t_{i=l+1} − {F_{r+t−l+1}} ∪ {F^′_{ji} }^t_{i=l+1} ∪ {F } is a w-matching covering [k + 1]. Hence F ∉ F.

(f) The lefthand inequality is clear and the righthand inequality follows from (b). □

Let F_1 = F∩ (_{[l]} p ) , F_2 = F∩ (_{[t]} p ) , F_3 = F∩ (_{[r]} p ) , F_4 = F∩ (_{[r+t−l]} p ) , F_5 = F.

Let F^′_1 = F_1 and F^′_i = F_i − F_{i−1} for 2 ≤ i ≤ 5. Corollary 3.4 (1) |F^′_1| ≤ (_l p ) . (2) |F^′_2| ≤ (t − l)((k + 1 − r) − (t − p + 2)) + (_{t−p+2} 2 ) − (_{l−p+2} 2 ) . (3) |F^′_3| ≤ (r − t)(k + 1 − r) + (_{r−t} 2 ) . (4) |F^′_4| ≤ (t − l)(k + 1 − r) + (t − l)(r − t) . (5) |F^′_5| ≤ (n − r − t + l)((k + 1 − r) − (t − l)) .

Proof: (2) follows from (b) and (c). Both (3) and (4) follow from (a) and (d). (5) follows from (e). □ Applying Corollary 3.4 we obtain |F| = 5∑ i=1 |F^′_i| ≤ ( l p ) +(n−(r+t−l−1))(k−(r+t−l−1))+(k+1−r)(r+t−2l−1)+

(t − l)(r + p − 2t − 1) + ( t − p + 2 2 ) − ( l − p + 2 2 ) + ( r − t 2 ) . Writing s = r + t − l − 1 and using k + 1 − r ≤ (t − l) + (_l p−1 ) we obtain |F| ≤ (n − s)(k − s) + ( l p ) + ( l p − 1 ) (s − l)+

(2r − 2l − t + p − 2)(t − l) + ( t − p + 2 2 ) − ( l − p + 2 2 ) + ( r − t 2 ) =

(n − s)(k − s) + ( l p ) + ( l p − 1 ) (s − l) + ( s − l + 1 2 ) − ( t − l 2 ) . (5)

Since s − l ≥ 2 it follows that if 1 ≤ p − 2 ≤ l − 1 and either l ≥ 3 or l = 2 and s ≥ 5 then (_{s−l+1} 2 ) (_{s−l} 2 ) = s − l + 1 s − l − 1 ≤ l ≤ ( l p − 2 )

hence |F| ≤ (n − s)(k − s) + ( l p ) + ( l p − 1 ) (s − l) + ( l p − 2 )( s − l 2 ) ≤

(n − s)(k − s) + ( s p ) ≤ h_p(n, k) . The remaining exceptional cases are:

1. p = 2: Claim 3.3(f) implies k + 1 − r = t, hence k = 2t − 1 + (r − t) is even, contradicting our assumptions.

2. p ≥ 3 and l = p − 2: Again by Claim 3.3(f) k + 1 − r = t − p + 2. Hence s = k so by (5) |F| ≤ (_{k−p+3} 2 ) . Since k − p + 3 = r − t + 2(t − p + 2) must be odd it follows that k ≥ p + 2 and therefore (_{k−p+3} 2 ) ≤ (_k p ) . 3. l = 2, s = 4 and p = 3: It follows from Claim 3.3(f) that k + 1 − r = t − 1. Therefore k = r +t−2 = s+1 = 5, hence by (5) |F| ≤ n+1 < max{10, 2n− 5} = h_3(n, 5). □

We conclude with a problem concerning the uniqueness of the extremal cases. For a linear map T ∈ End(V ) let T^{∧p} ∈ End( ⋀_p V ) be given by T^{∧p}(v_1 ∧ . . . ∧ v_p) = T (v_1) ∧ . . . ∧ T (v_p).

Conjecture 3.5 If W ⊂ ⋀_p V satisfies ρ(W ) ≤ k and dim W = h_p(n, k) then either W = T^{∧p}(A_p(k)) or W = T^{∧p}(B_p(n, k)) for some T ∈ GL(V ).

We have proved the conjecture when k = n − 1 and p divides n.

References

[1] M. D. Atkinson, ’Spaces of matrices with several zero eigenvalues’, Bull.

London Math. Soc. 12 (1980) 89–95.

[2] M.D. Atkinson and S. Lloyd, ’Large spaces of matrices of bounded rank’, Quart. J. Math. Oxford (2) 31 (1980) 253–262.

[3] L. B. Beasley and T. Laffey, ’Linear operators on matrices: The invariance of rank-k matrices’, Linear Alg. and its Applications 133 (1990) 175–184.

[4] P. Erdős and T. Gallai, ’On the maximal paths and circuits of graphs’, Acta Math. Hungar. 10 (1959) 337–357.

[5] D. Eisenbud and J. Harris, ’Vector spaces of matrices of low rank’, Adv.

in Math. 70 (1988) 135–155.

[6] H. Flanders, ’On spaces of linear transformations with bounded rank’, J. London Math. Soc. 37 (1962) 10–16.

[7] P. Frankl, ’The shifting technique in extremal set theory’, Surveys in Combinatorics 1987 (ed I. Anderson, L.M.S. Lecture Notes Series 123, Cambridge University Press, Cambridge, 1987), pp. 81–110.

[8] J. Harris, Algebraic Geometry: A First Course (Springer-Verlag, New York, 1992).

[9] L. Lovasz and M.D. Plummer,Matching Theory (North-Holland, Amsterdam, 1986).

[10] M. Marcus,Finite Dimensional Multilinear Algebra (Dekker, New York, 1973).

[11] R. Meshulam, ’On the maximal rank in a subspace of matrices’, Quarterly Journal of Mathematics Oxford (2) 36 (1985) 225–229.

[12] R. Meshulam, ’On two extremal matrix problems’, Linear Alg. and its Applications 114/115 (1989) 261–271.

[13] D. Roy, ‘Points whose coordinates are logarithms of algebraic numbers on algebraic varieties’, Acta Math. 175 (1995) 49–73.

B. Gelbord and R. Meshulam Dept. of Mathematics Technion – Israel Institute of Technology Haifa 32000 Israel