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Abstract

Let X,Y be simplicial complexes and let f: Y — X be a simplicial surjective map. We introduce
a notion of deficiency of f, denoted by m(Y'), that measures the average local failure of f : Y — X
to be a covering map. We show, roughly speaking, that if m,(Y") is small and and if the non-abelian
cosystolic expansion of X is large, then f is close to a genuine covering map. Our main result is a lower
bound on the 1-cosystolic expansion with G coefficients of geometric lattices, with an application to
near coverings of the 2-dimensional spherical building A3(IF,).

1 Introduction

Many central topological structures, e.g. vector bundles and covering spaces, are defined in terms of local
conditions. Classification theorems for such structures are often formulated in cohomological terms. For
example, real line bundles over a compact space X are classified by H'(X;Zs), while complex line bundles
over X are classified by H?(X;Z) (see, e.g., [17]). A natural challenge that arises is to formulate and
prove approximate (or stability) versions of such classification theorems. Roughly speaking, such results
would state that under suitable assumptions on X, if a structure satisfies all but a small fraction of the
local conditions, then it corresponds to a cochain that is close (in an appropriate sense) to a cocycle.

In this paper we establish a stability version of the well known classification of G-covering spaces
of a complex X by the first cohomology set H'(X;G), with an application to near coverings of the 2-
dimensional spherical building A3(F,). Our first result (Theorem 1.7) provides a connection between the
average local deviation of a map from a covering map, its proximity (again, in a precise sense defined
below) to a genuine covering map, and its first expansion constant. The main technical result of this
paper (Theorem 3.1) gives a lower bound on the l-expansion of the geometric lattices over an arbitrary
group G, with an application to expansion and cover-stability of the spherical building As3(F,).

In the following three subsections we describe the combinatorial and topological ingredients that
appear in the formulation of our results. In Subsection 1.1 we define the deficiency of a simplicial map,
a notion that will serve as a measure of the local failure of the map to be a covering map. Subsection 1.2
is concerned with the 1-cohomology H'(X;G) of a complex X over a finite coefficient group G, and its
relation to G-coverings of X. A key element in this work is a notion of high-dimensional expansion that
came up independently in the study of random simplicial complexes [9, 14], and in Gromov’s remarkable
work on the topological overlap property [7]. In Subsection 1.3 we recall the definition of the specific
expansion constant needed here, namely the cosystolic 1-expansion of X with non-abelian coefficients
h1(X;G). Finally, in Subsection 1.4 we state our results.

1.1 Deficiency of a Simplicial Surjection

Let X be an (n — 1)-dimensional pure simplicial complex on the vertex set V. Let X (k) denote the set
of k-simplices of X, and let X.q(k) denote the set of ordered k-simplices of X. Let fi(X) = |X(k)|. The
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star and the link of a simplex 7 € X are given by

st(X,7)={oceX:0UT € X},
k(X,7) ={oest(X,7) :on7T =0}

Following [6], define a weight function cx on the simplices of X by

HreX(n—1):7> 0} _ fajo-1(k(X,0))
(Izl)f”_l(X) (\Z\)fn—l(X)

Note that }- ¢ () cx(0) =1 for 0 <k <n—1, and that if 7 € X and 75 € Ik(X,71) then

|Tl|+|72|>_1

|71]

Cx(O') =

ex (1) (x,m) (T2) = ( cx (T UTy).

In particular, if v € X(0) and e € Ik(X,v)(1) then

ex(0) e (€) = 5 - ex(vUe), (1)

Let Y be another simplicial complex and let p : ¥ — X be a surjective simplicial map. The pair (Y, p)
is a covering of X if for any v € X(0) and @ € p~!(u), the induced mapping p : st(Y, @) — st(X,u) is
an isomorphism. Note that in this case, the associated mapping p : |Y| — |X| between the geometric
realizations of Y and X, is a covering in the usual topological sense as well. Consider now an arbitrary
surjective simplicial map f:Y — X between two pure simplicial complexes Y and X. For a vertex @ of
Y with an image f(a) = u, let

Dy() = {e € K(X,u)(1) : e & F(K(Y, @)} .
Define the local deficiency of f at @ by

pr(a) = Z Cli(X,u) (€)-

6€Df(ﬁ)
The deficiency of the map f:Y — X is a weighted average of us(@) over all @ € Y(0) given by

)= 2, r;X(<u )>r 2 usl®)

ueX(0) acf—1(u)

Remark 1.1. If f is a covering map, then clearly my(Y') = 0. In the sequel - see Definition 1.3 - we
will confine the discussion to maps f : Yy — X where ¢ is a G-valued 1-cochain of X. For such maps,
mys(Yy) = 0 iff f is a covering map, and m¢(Yy) may be viewed as a measure of the failure of f to be a
covering map, see Remark 1.4 (ii).

1.2 Non-Abelian First Cohomology and Covering Maps

Let X be a finite simplicial complex and let G be a finite multiplicative group. Let CY(X;G) denote the
group of G-valued functions on X (0) with pointwise multiplication, and let

CHX;G) = {¢: Xora(1) = G : ¢(u,v) = d(v,u) "'}
The 0-coboundary operator dy : C°(X;G) — C'(X;G) be given by
door(u, v) = a(u)o(v) L.

For ¢ € CY(X;G) and (u,v,w) € Xoa(2) let
di1g(u, v, w) = ¢(u, v)(v, w)p(w, u).



Note that if di¢(u1,u2,u3) = 1, then did(ur(1), Ur(2), Ur(3)) = 1 for all permutations 7. The set of
G-valued 1-cocycles of X is given by

ZHX;G) = {¢p € CHX;G) : did(u,v,w) = 1 for all (u,v,w) € Xora(2)} -
Define an action of C(X;G) on C*(X; Q) as follows. For a € C°(X;G) and ¢ € C1(X;G) let

a.¢(u,v) = a(u)d(u,v)a(v) ™ .

Note that dga = .1 and that Z'(X; @) is invariant under the action of C°(X;G). For ¢ € C*(X;G) let
[#] denote the orbit of ¢ under the action of C°(X;G). The first cohomology of X with coefficients in G
is the set of orbits

HY(X;G) ={[¢] : 9 € Z(X;0)} .

Remark 1.2. (i) If G is abelian, then H'(X;G) is the usual 1-dimensional cohomology group of X with
G coefficients. For a general group G, the first cohomology H'(X;G) is only a set and need not have a
natural group structure.

(ii) Assume that X is connected and let m(X,xg) denote the fundamental group of X with respect to
a base point xo. Define an equivalence relation ~ on the set of homomorphisms Hom(m1(X,x9),G) by
©1 ~ o if there exists a g € G such that ¢a2(v) = gp1(y)g~" for all v € 7y (X, x0). Then HY(X;G) can
be identified with Hom(m1(X,x0),G)/ ~. For more details, see Olum’s paper [15].

Definition 1.3. Let X be a simplicial complex and let G be a finite group with a left action on a finite
set S. For a 1-cochain ¢ € C1(X;G), let Yy = X xS be the simplicial complex on the vertex set Y,(0) =
{[u,s] : w e X(0),s € S}, whose k-simplices are T = {[ug, S0, - - ., [uk, k] }, where {ug, ..., u} € X(k),
and s; = ¢(us,uj)s; for all 0 < 0,5 < k. Let f : Yy, — X be the simplicial projection map given by
f(lu, s]) = u.

Remark 1.4. (i) If a € C°(X;G), then the map g : Ya.g — Ys given by ga([v, s]) = [v,a(v)71s] is a
simplicial isomorphism that satisfies f = fga, i.e. Yo =x Ys.

(it) For i = [u,s] € Yy(0), the restricted map f : st(Y,a) — st(X,u) is an isomorphism iff ps(a) = 0.
We may thus regard the deficiency my(Yy) as a measure of the failure of f to be a covering map.

We next recall the classical connection between G-covering spaces of X and the cohomology set
H'(X;G). See Steenrod [17] for general spaces X, and Surowski [18] for the following simplicial version.

Theorem 1.5 ([18]). Let X be a connected complex. If ¢ € Z'(X;G) then f: X x5S — X is a covering
map. Conversely, let f:Y — X be a simplicial covering map and let vg € X(0). Then there is an action
of G =m(X,v9) on S = f"Hvg), and a ¢ € Z'(X;G) such that Y Zx X x4 S.

1.3 Cosystolic 1-Expansion

For ¢ € CY(X; Q) let
supp(¢) = {{u, v} € X(1) : d(u,v) # 1}

and
supp(di¢) = {{u,v,w} € X(2) : dip(u,v,w) # 1}.

The norms of ¢ and of dyi¢ are given by

lel= 3 ex(e)

e€supp(¢)

and

ldigll = > ex(o)

oesupp(di¢)



The distance between ¢,v € C1(X;G) is
dist(¢, ) = [lgv ™.
The cosystolic norm of ¢ € C*(X;G) is the distance of ¢ from Z1(X;Q), i.e.
[llcsy = min {[lpv ™| : v € ZH(X;G)} .
Note that if & € C°(X;G), then a~1.1 € ZH(X;G) and supp (¢(a~.1)"1) = supp(c.¢). Hence
[Bllesy < lle@]l- (2)
The cosystolic expansion of ¢ € CH(X;G)\ Z1(X;G) is

1ol
h = .
@) = ey

The cosystolic expansion of X is
hi(X;G) =min {h(8) : ¢ € C(X;G) \ Z1(X;G)}.

Example 1.6 (Proposition 3.1 in [13], Proposition 6.7 in [8]). Let A,_1 denote the (n—1)-simplez. then

for any group G
n

n—2

hl(An—l; G) 2

1.4 Deficiency, Near Coverings and Expansion

Let G be a finite group that acts on a finite set S. For g € G let fix(g) = |[{s € S : gs = s}|. The fizity of
the action of G on S is Fixg(5) = maxy fix(g). The action of G is faithful if Fixg(S) < |S|, and free if
Fixg(S) = 0.

Let X be a complex with bounded below expansion hi(X;G) and let ¢ € C'(X;G). The following
result shows, roughly speaking, that if the deficiency of the projection X x4 S — X is small, then ¢ is
close to a 1-cocycle in H'(X;G).

Theorem 1.7. Let G act on a finite set S. Then for any ¢ € C1(X;G) there exists a ) € Z(X;G) such

that X &
' my X
dist(¢, 1) < i ' 3
ist(¢, 1) (1_%@)%1(&@ ’

Let ¢ be a prime power and let F, denote the finite field with ¢ elements. The spherical building
A, (F,) is the (n —1)-dimensional pure simplicial complex whose vertex set consists of all linear subspaces
0# U C Fpt!, with maximal simplices {U1,...,Uy,} where 0 # Uy € Us € --- € U, C FI1. Spherical
buildings such as A, (F,) play an significant role in a number of fields, including representation theory,
topological combinatorics and the emerging field of high dimensional expanders (see, e.g., [12, 16, 3, 10]).
The main result of this paper is the following lower bound on the cosystolic expansion of Az(F,).

Theorem 1.8. For any finite group G

hi(As(Fy); G) >

NoN =

Remark 1.9. (i) The case G = Z/2 of Theorem 1.8 is implicit (with a different constant) in Gromov’s
paper [7], see also Corollary 3.6 in [11] and Corollary 3.9 in [8]. The general non-abelian case requires
somewhat different ideas, and is derived here as a consequence of a lower bound (Theorem 3.1) on the
non-abelian 1-expansion of order complexes of geometric lattices.

(it) Theorem 5.3 in [8] implies that hi(A3(Fq);G) < 1+ O(q_%). It would be interesting to narrow the
gap between this upper bound and the lower bound given in Theorem 1.8.



Combining Theorem 1.7 and Theorem 1.8 we obtain

Corollary 1.10. Let G act on a finite set S. Then for any ¢ € C(A3(F,);G) there exists a ¢ €
ZY(A3(F,); G) such that

. Imyp(X x4 5)
dist(¢, ) < ﬁ
El

In particular, if the action of G is free then

dist(6,1) < 9m (X x4 5).

Remark 1.11. The simple connectivity of As(F,) implies that if ¢ € Z1(X;G), then Yy is isomorphic
to the trivial |S|-fold covering of As(Fy).

The paper is organized as follows. In Section 2 we prove Theorem 1.7 that links between cover-stability
and l-expansion. In Section 3 we study the expansion of geometric lattices (Theorem 3.1), and then use
a symmetry argument to deduce a lower bound on hj(A3(FF,); G) (Theorem 1.8) . We conclude in Section
4 with some comments and questions.

2 Cosystolic Expansion and Cover Stability

Proof of Theorem 1.7. Let ¢ € C1(X;G) \ Z'(X;G). Recall that f : Y, = X x, S — X is the
projection map f([u,s]) = u. Let [u,s] € Y5(0) and let e = {vi,v2} € Ik(X,u). Then e € f (Ik(Yy, [u, s]))
iff there exist s1,s0 € S such that {[u, s], [vi, s1], [v2, 52|} € Yy, i.e. iff 51 = @(v1,u)s, so = ¢(v2,u)s, and
s1 = ¢(v1,v2)s2. Writing the last equality in terms of first two, we obtain

d(vi,u)s = 51 = @(v1,v2)s2 = P(v1,v2)P(v2,u)s,

and therefore
s = ¢(u,v1)P(v1,v2)P(v2, u)s = dip(u, v1,v2)s.

It follows that
e={v, 12} € D¢([u,s]) <= dig(u,v1,v2)s # s. (4)

Using Eqs. (4) and (1) respectively for steps (a) and (b) below, we compute

S|mp(X xp8) = > ex(u) Y pp(@)

ueX(0) aef—1(u)
= > ex(@)> ppfu, )
ueX(0) seS
= Z cx (u) Z Z Clk(X,u)(e)
ueX(0) s€5 e€Dy([u,s])
@ > ex(u) > [{s : dig(u,v1,v9)s # s} - cnex,u)({v1, v2})
u€eX(0) {v1,v2 }elk(X,u)(1)
= Z cx (u) Z (IS] = fix (dip(uUe€)) ) - cixu(e)
ueX(0) e€lk(X,u)(1)
> (|S] — Fixa(9)) Z Z ex (u)enx,u) (€)
ueX (0) {eclk(X,u)(1):d1 p(ule)#1}
. 1
9 (18] - Fixa(s)) 3° 3 5 ex(uue)

ueX (0) {e€lk(X,u)(1):uUecsupp(di19)}
= (IS| = Fixa(S))lld1¢]-



As hi(X;G) < ﬁ'gﬁig, it follows that

min {dist(¢,¥) : ¢ € Z'(X;G)} = [|]lesy
ldioll o [S]-my(X x4 5)
= m(X:G) = (S| - Fixa(9)) - i (X: G)
my(X Xy S5)

(- ) (x:0)

3 The 1-Expansion of Geometric Lattices

Let (P, <) be a finite poset. The order complex of P is the simplicial complex on the vertex set P whose
simplices are the chains ag < --- < ai of P. In the sequel we identify a poset with its order complex. A
poset (L, <) is a lattice if any two elements z,y € L have a unique minimal upper bound z V y and a
unique maximal lower bound z Ay. A lattice L with minimal element 0 and maximal element 1 is ranked,
with rank function rank(-), if rank(0) = 0 and rank(y) = rank(z) + 1 whenever y covers z (ie., y is a
minimal element in {z : z > z}). L is a geometric lattice if rank(z) 4+ rank(y) > rank(z V y) + rank(z A y)
for any z,y € L, and any element in L is a join of atoms (i.e., rank 1 elements).

Let L be a geometric lattice with rank(1) = n > 3. A classical result of Folkman [5] asserts that
L=L- {6, T} is homotopy equivalent to a wedge of (n — 2)-spheres. In particular, L is simply connected,
and hence H'(L; G) = {1} for any group G. Here we provide a lower bound for h;(L;G). Let S be a set
of linear orderings on the set of atoms A of L, equipped with a probability distribution p. Let <5 denote
the ordering associated with s € S. For s € S and v € L\ {0} let b(s,v) = min{a € A : a < v} where
the minimum is taken with respect to <. Note that b(s, 1) is the <y -minimal element of A. For s € S
and vg < v1 € L, let ag = b(s,vp),a1 = b(s,v1),as = b(s,T). Clearly as =<5 a1 =5 ag. Let Ys(vov1) be
the 2-dimensional subcomplex of L depicted in Figure 1. For a fixed 7 € L(2), let d5(7) be the random

variable on S given by
cx (Vo1
=y sl )
. x(7)
{vov1€L(1):7€Ys(vov1)}

and let §(7) = E[0s(7)] = >_,cqm(s)ds(7) denote its expectation. The next result may be viewed as a
non-commutative homotopical counterpart of the 2-dimensional case of Theorem 2.5 in [8].

Theorem 3.1.

-1
hi(L; G) > <max 5(7’)) .

TEL(2)
We will need the following simple fact.

Claim 3.2. Let G be a group and let K be a 2-dimensional simplicial complex such that H*(K;G) = {1}.
Suppose xq, ..., Tm_1,Tm = o are the vertices of a 1-cycle in K. If ¢ € C1(K;G) satisfies

P(zo, 21) - P21, 22)  + + P(Tp—1,T0) # 1 (6)
then there exists a 2-simplex (a,b,c) € Kyq(2) such that dip(a,b,c) # 1.

Proof. Suppose to the contrary that di¢p = 1. As H'(K;G) = {1} it follows that ¢ = dpa for some
a € C%K;@G). Hence

d(z0,21) - d(w1,22) (@1, 0) = (alzo)a(z1) ™) - (a(z1)a(za) ™) (alzm_1)a(zo) ") =1,

in contradiction with (6). O



ag(vy) ™!

az

Figure 1: The subcomplex Y;(vgv1) and the cochain (av).¢(vg, v1) = avs(vg)d(vg, v1)avs(vy) L.

Proof of Theorem 3.1: Let ¢ € C'(L;G). For s € S, define a, € C°(L; G) by
as(v) = ¢ (b(s, 1), b(s,1) V b(s,v)) - (b(s, 1) V b(s,v), b(s,v)) - ¢ (b(s,v),v).

Let vg < v1 € L and, as before, denote ag = b(s,vg),a; = b(s,v1),as = b(S,T). Consider the 1-cycle in
Ys(uv) whose vertices are

(20, .-, x7) = (a2, a0 V az, ag, vo, v1,a1,a1 V az, as).
Then (see Figure 1):

(es)-0(vo, v1) = s (v0)p(v0, v1 )ars (v1) ™ 7)
= (w0, 71)P(71,72) - - - (x5, T6)P(w6, o)

Since Ys(vov1) is contractible, it follows from (7) and Claim 3.2 that
{vov1 € L(1) : (as).¢(vo,v1) # 1} C {wovr € L(1) : supp(d1) N Yy(vov1) # 0} . (8)
Using (2) and (8) respectively for steps (a) and (b) below, we obtain

(a)
[llesy < ZN(S)”(QS)¢”

seS
= Z,u(s) Z{cx(vovl) cvovr € L(1), (as).¢(vo,v1) # 1}
ses
(ﬁb) > u(s) Y {ex(vove) :vovy € L(1), supp(di ) N Yy(vovr) # 0}
ses
< Z,u(s) Z Z{cx(vovl) cvovy € L(1),7 € Ys(vov1)} 9)
seS Tesupp(di¢)
= cx (T s 70)((@0@1) swvovr € L(1), 1 VU
_TESUPZIJ(d1¢) X( );M( )Z{ CX(T) o e L(l)’ © YYS( ’ 1)}
= > ex(DE[()]
T€supp(di )
= cx(T)o(T max o(7).
TESUPZI)(d1¢) X( ) ( )S |’dl¢|’76z(2) ( )



0

For lattices L with sufficient symmetry (e.g. spherical buildings), Theorem 3.1 can be used to give explicit
lower bounds on h1(L, Q).

Proof of Theorem 1.8: Let L be the lattice of all linear subspaces of Fg ordered by inclusion. Then
L = A3(F,). Let < be an arbitrary fixed linear order on the set of atoms A. Let S be the group GL4(F,)
with the natural action on L. Equip S with the uniform distribution. For s € S let <, be the linear order
on A given by a <, d' if s7'a < s7'a’. Let id denote the identity element of S.

Claim 3.3. Let s,t € S, e € L(1) and 7 € L(2). Then:

(i) b(s, sv) = sb(id, v) for any v € L\ {0}.

(ii) Ys(se) = sYiq(e).

(i) Y, () = Yia(te).

Proof. (i) First note that b(id,v) < v and therefore sb(id,v) < sv. Moreover, if y € A satisfies
y < sv, then s7ly < v. Hence s~!(sb(id,v)) = b(id,v) < s 'y and so sb(id,v) <s y. It follows that
sb(id, v) = b(s, sv).

(i) Let e = vgv;. Writing vy = 1, it follows by (i) that the vertex set of Y(se) is

Ys(se)(0) = {svp, sv1} U {\/ b(s,sv;) : 0 # I C {0, 1,2}}

el
= {svg, sv1} U {\/ sb(id, v;) : 0 # I C {0, 1,2}}
el
= sYia(e)(0).
As the action of S preserves incidences, it follows that Ys(se) = sYiq(e).
(iii) Using (ii) in equalities (a) and (b) below, we obtain

tYs(e) =tV (s(s'e)) @ tsYia(s~te)

© Vs ((ts)s™te) = Yis(te).

]
For 7 € L(2) let
R(T) = {(s,e) € S x L(1) : 7 € Yy(e)}.
As cf(e) = 2t it follows that
e (1) 3
1 1 cx (e qg+1
=S am ==y Y X9 e, (10)
512 S22 om s
s€ s€5 {eeL(1):TeYs(e)}

Claim 3.3(iii) implies that for any ¢ € S the map (s,e) — (ts,te) is a bijection from R(7) to R(t7).
Together with (10), it follows that 6(7) = d(¢7). Next note that S is transitive on L(2) and thus § is
constant, i.e. §(7) =« for all 7 € L(2). Therefore

LOr=Y o= %Zasm
) reL(2)

TEL(2 ses
g+1 -
= m‘{(S,G,T) €85 x L(l) X L(2) LT E Yg(e)}’

S I IAAC)



Therefore _
- 3(g+1)fi(L)

T f2(L)

hence Theorem 1.8 follows from Theorem 3.1.

=9,

4 Concluding Remarks

In this paper we showed that if X has a bounded below 1-expansion over a finite group G, then X is
cover-stable in the sense that if the projection Y, — X has small deficiency, then ¢ is close to a 1-
cocycle. Together with a lower bound on hi(As(F,); G), this implied that Az(F,) is cover-stable. Our
work suggests some natural questions regarding topological or algebraic situations where only partial
information concerning local structure is available.

e Most lower bounds on cosystolic expansion obtained so far (see e.g. [14, 7, 4, 11, 8]) depend on
an averaging and symmetry technique that seems applicable only in fairly restricted situations.
It would be very useful to devise additional methods that could handle more general families of
complexes, e.g. bounded degree complexes.

e Our results are concerned with cosystolic 1-expansion with G coefficients. A related, but inequiv-
alent, notion of expansion that plays a key role in local to global results is spectral expansion.
Originated with Garland’s seminal work on the real cohomology of p-adic groups [6], spectral ex-
pansion has found numerous applications in areas ranging from groups with property (T) [2] and
hypergraph matching theory [1], to theoretical computer science [10]. It would be interesting to
establish cover-stability results based on spectral expansion. One reason is that in contrast with its
cosystolic/coboundary counterparts, spectral expansion can often be estimated efficiently.

e [t would be interesting to formulate stability versions of other, non-discrete, topological classification
theorems. For example, as mentioned earlier, complex line bundles over compact X are parametrized
by H?(X;Z). Can one introduce a notion of cosystolic expansion on X, together with a continuous
version of the deficiency of a map and an appropriate measure of proximity of integral 2-cochains,
that would lead to an analogue of Theorem 1.7 for complex line bundles?
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