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Abstract

Let G be a finite group of order n and for 1 <i < k+1let V; = {i} x G. Viewing
each V; as a 0-dimensional complex, let Y5 denote the simplicial join V; *---*Vj4 ;. For
A C G let Yy i be the subcomplex of Y¢ i, that contains the (k —1)-skeleton of Y ;, and
whose k-simplices are all {(1,21),...,(k+ 1,z54+1)} € Yo i such that zq--- 41 € A.
Let Lj_1 denote the reduced (k—1)-th Laplacian of Y4 , acting on the space ck-1 (Yar)
of real valued (k — 1)-cochains of Yy ;. The (k — 1)-th spectral gap pgr—1(Yar) of Yai
is the minimal eigenvalue of Lj_1.

The following k-dimensional analogue of the Alon-Roichman theorem is proved: Let
k > 1 and € > 0 be fixed and let A be a random subset of G of size m = %:I%D
where D is the sum of the degrees of the complex irreducible representations of G. Then

Pr[ pp1(Yar) <(1—€em ] =0 <1> :

n
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1 Introduction

The Laplacian L(C) of a graph C = (V, E) is the V' x V positive semidefinite matrix whose
(u,v) entry is given by
dego(u) u=w,
L(C)yw = -1 {u,v} € E,
0 otherwise.

Let 0 = A1(C) < Xa(C) < -+ < Ay(C) be the eigenvalues of L(C). The second smallest
eigenvalue Ay(C), called the spectral gap of C, is a parameter of central importance in a variety
of problems. In particular it controls the expansion properties of C and the convergence rate
of a random walk on C (see e.g. chapters XIII and IX in [5]).

Throughout the paper, let G denote a finite group of order n and let G = {p} be the
set of irreducible unitary representations of G, where p: G — U(d,). Let D(G) =) _~d,.

Let 1 € G denote the trivial representation of G and let G4 = G \ {1}.

pe@

*Department of Mathematics, Technion, Haifa 32000, Israel. e-mail: meshulam@technion.ac.il . Sup-
ported by ISF grant 686/20.



Let T C G be symmetric subset, i.e. T = T~!. The Cayley graph C(G,T) of G with
respect to T is the graph on the vertex set G with edge set {{g,gt} : g € G,t € T}. The
seminal Alon-Roichman theorem [1] is concerned with the expansion of Cayley graphs with
respect to random sets of generators.

Theorem 1.1 (Alon-Roichman). For any € > 0 there exists a constant c(e€) > 0 such that
for any group G, if S is a random subset of G of size [c(€)log|G|] and m = |SUS™!|, then
X(C (G, SUS™Y)) is asymptotically almost surely (a.a.s.) at least (1 — €)m.

Remark 1.2. Landau and Russell [10] and independently Loh and Schulman [12] have
obtained an improvement on Theorem 1.1 by showing that the log |G| factor in the bound on
|S| can be replaced by log D(G). While this does not change the logarithmic dependence of
|S| on |G|, it does often lead to an improvement of the constant c(e).

This paper is concerned with higher dimensional counterparts of Theorem 1.1. We
briefly recall the relevant terminology (see section 2 for details). For a simplicial complex
X and k > —1 let X*) denote the k-dimensional skeleton of X. For k > —1 let C*(X)
denote the space of real valued simplicial k-cochains of X and let dj, : C*(X) — C*+1(X)
denote the coboundary operator. For k > 0 define the reduced k-th Laplacian of X by
Li(X) = dp—1dj_ +dj.di. The minimal eigenvalue of Lj(X), denoted by pu;(X), is the k-th
spectral gap of X.

The following k-dimensional abelian version of Theorem 1.1 was obtained in [3]. Let
H be an additively written abelian group of order h and let k& < h. Let Aj_1 denote the
(h — 1)-simplex on the vertex set H. The Sum Complex X4 associated with a subset
A C H is the k-dimensional simplicial complex obtained by taking the full (£ — 1)-skeleton
of Ap_q together with all (k + 1)-subsets o C H that satisfy > ___x € A.

reo
Theorem 1.3 ([3]). Let k > 1 and € > 0 be fized and let A be a random subset of H of size
m = {%—" Then

el pna(Xan) < (1= m ] =0 (1)

n
Remark 1.4. See [11, 15] for more on sum complexes and their cohomology.

In the present paper we study a different model of Cayley complexes associated with
subsets of general finite groups and obtain a new high dimensional analogue of Theorem
1.1. Recall that G is a finite group of order n and let k¥ > 1. For 1 < i < k+ 1 let
Vi = {i} x G. Let Yg ) denote the simplicial join Vj * --- % V41, where each Vj is viewed
as 0-dimensional complex. Thus Y ; is homotopy equivalent to an N-fold wedge \/N SF of
k-dimensional spheres, where N = (n — 1)¥*1. The balanced k-dimensional Cayley Complex
associated with a subset ) # A C G is the subcomplex Yy C Y whose k-simplices are
all {(1,y1),...,(k+1,yrs1)} € Yg i such that yi ---yry1 € A. Note that Yy, D Ygfgl).

Let 14 denote the indicator function of A C G, ie. 14(z) =1if z € Aand 14(x) =0
otherwise. For a representation p : G — GLg(C) let 14(p) = Y ozear(x) € My(C) be
the Fourier transform of 14 at p (see section 4 for details). For a matrix T' € My(C) let
||| = max=1 [|Tv|| denote the spectral norm of T'. Let v(A) = max .. I14(p)||. Our
first result is a lower bound on pu;—1(Ya 1) in terms of v(A).



Theorem 1.5.
pk—1(Yar) > [Al — k- v(A).

Our main result is the following k-dimensional analogue of the Alon-Roichman Theorem.

Theorem 1.6. Let k and € > 0 be fived. Let G be a finite group of order n and fix an integer
2
m such that %213(0) <m <+/n. Let A be a random subset of G of size m. Then
6

Pr| pp—1(Yar) < (1—e)m ] < e

Remark 1.7. (i) It is straightforward to check that p—1(Yar) < |A| +k for any A C G
(see Eq. (2) in [3]). Theorem 1.6 thus implies that if A is a random subset of G and
log |G| = o(|A|), then Y4, is a.a.s. a near optimal spectral expander. (ii) While there are
some similarities between sum complexes and balanced Cayley complexes, the analysis of
Y4 i in the present paper requires some additional ideas, including the use of the non-abelian
Fourier transform and of Garland’s eigenvalue estimates [8].
Our final result concerns the homotopy type of Y4 when A is a subgroup of G. For
1 <mlet
— k NF R 1ykt
Y0(m k) = (n—m)n + () (m = D = (n— ),

k) = (2) n -1y

Theorem 1.8. Let A be a subgroup of G of order |A| =m. Then
()

n/m (m—1)2

)
var~ ] V st (1)

VO(m’k) ’Yl(mvk)
Yar =~ \/ Sk=1vy \/ sk, (2)

Remark 1.9. As yo(m, k) > 0 for all m < n, it follows from Theorem 1.8 that if A C G
generates a subgroup (A) of order m < n then

Be—1(Yar) > Be—1(Yoay ) = vo(m, k) >0

and therefore pp—1(Yar) = 0. As there are families of groups G (e.g. elementary abelian
groups of fized exponent) that cannot be generated by o(log|G|) elements, this implies that
the log D(G) = O(logn) factor in Theorem 1.6 cannot in general be improved.

(ii) For k > 2

The paper is organized as follows. In Section 2 we review some basic properties of
high dimensional Laplacians and their eigenvalues, including Garland’s lower bound for the
higher spectral gaps. In Section 3 we compute the spectra of various Laplacians of the

skeleta of Y, and deduce a variational characterization (Proposition 3.1) of p_1(Y") for

subcomplexes Yék,; 2 C Y C Ygi. In Section 4 we briefly recall the definition and some

basic properties of the Fourier transform on finite groups. In Section 5 we prove Theorem
1.5. This bound is the key ingredient in the proof of Theorem 1.6 given in Section 6. In
Section 7 we prove Theorem 1.8. We conclude in Section 8 with some remarks and open
problems.



2 Laplacians and their Eigenvalues

Let X be a finite simplicial complex on the vertex set V. Let X (k) denote the set of k-
dimensional simplices in X, each taken with an arbitrary but fixed orientation. A simplicial
k-cochain is a real valued skew-symmetric function on all ordered k-simplices of X. For k > 0
let C*(X) denote the space of k-cochains on X. The i-face of an ordered (k + 1)-simplex
o = [vo,...,Ugt+1] is the ordered k-simplex o; = [vo,...,04,...,Vk+1]. The coboundary
operator dy, : C¥(X) — C*1(X) is given by

k+1

dpd(o) =D (=1)'¢(o3) -

1=0

It will be convenient to augment the cochain complex {C?(X)};>( with the (—1)-degree term
C~1(X) = C with the coboundary map d_; : C~1(X) — C%(X) given by d_;(a)(v) = a for
acC,veV. Let Z¥(X) = kerd;, denote the space of k-cocycles and let B¥(X) = Imdy_,
denote the space of k-coboundaries. For k > 0 let H*(X) = Z*¥(X)/B*(X) denote the k-th
reduced cohomology group of X with real coefficients. For each k > —1 endow C*(X) with
the standard inner product (¢,¢)x = > ,cy ) #(0)¥(0) and the corresponding L? norm

l|6lx = (¢, qb);(/Q. Let di : C*1(X) — C*(X) denote the adjoint of dj, with respect to
these standard inner products. The reduced k-th lower and upper Laplacians of X are the
positive semidefinite self-adjoint maps of C*(X) given respectively by L, (X) = dy_1d}_,
and L (X) = djdy. The k-th Laplacian of X is Lj(X) = L, (X) + L; (X). Let H*(X) =
ker Lj,(X) = kerd;_, N kerd;, denote the space of harmonic k-cochains. When there is no
ambiguity concerning X, we shall abbreviate Ly(X) = Ly and Ly (X) = L. Clearly

L; (Imdy_1) CImdg—q , Lj (Imdj) C Imdj, .

For a self-adjoint map 7" on an inner product space W let S(W,T') denote the set of eigen-
values of T" and let s(W,T,\) denote the multiplicity of an eigenvalue A\ € S(W,T'). Let

S(W,T) denote the multiset consisting of s(W, T, \) copies of each A € S(W,T). The k-th
spectral gap of X is
e(X) = min S (Ck(X), Lk> .

Remark 2.1. (i) If X is a graph then po(X) = Xo(X). (ii) pe(X) > 0 iff H*(X;R) = 0,
hence pui may be viewed as a robustness measure of the property of having vanishing k-
dimensional real cohomology.

The lower and upper k-th spectral gaps of X are defined respectively by
py (X) =minS (Imdi—_1, L;))

and
pi (X) =minS (Imdy, L) .

In Section 3 we will use some well known facts concerning Laplacians and their eigenvalues.
For proofs, see e.g. [6].

Proposition 2.2. Let 0 < k < dim X. Then the following hold:



(i) Hodge Decomposition: There is an orthogonal direct sum decomposition:

CH(X) =Tmdy_; ®H*(X) @ Imdj

(i)

ker L, = H*(X)®Imd;, , kerL] =Imdy_1 @ H"(X).

(iii) Hodge isomorphism: .
HF(X) = H*(X).

(iv) For all A # 0

s (C”“(X),Lk,)\> = s (Imdg_y, L, A) + s (Imdj, L, \)

(v) . .
S (Imdj_y,L; ) =8 (Imdy_1,L; ) -

(vi) If H*(X) =0 then
p(X) = min {0 (X), 1l (X) } -

In section 5 we shall use the following special case of Garland’s fundamental eigenvalue
estimate (see Section 5 of [8] and Theorem 1.12 of [2]). The link of a simplex 7 € X (¥)
is X, =lk(X,7) ={neX:7Nn=0,7Un € X}. For ¢ € C/(X) and 7 € X(¢) let
b, € CT771(X;) be defined by ¢,(n) = ¢(n7), where T denotes the concatenation of 7 and

T.

Theorem 2.3 (Garland [8]). Let X be a k-dimensional complex such that for allo € X (k—1)

degx () :=[{n € X (k) : 0 Cn}[=m.

Let A(X) = min{ a2(X;) : 7€ X(k—2)}. Then

min M‘O%(ﬁékerd* > kNX)—(k—1)
EE k2 f = "

For completeness we indicate the proof. We first establish the following identity.

Claim 2.4. For any ¢ € C*1(X)

lde-1gllx = > lldod- 1%, — m(k —1)]|¢%-

TeEX (k—2)



Proof.

lde1ol% = > |dr-16(0)

ceX (k)
k k
= > <Z<—1>i¢<oi>) (Z(l)jqb(aj))
ceX (k) \i= j=0
= > Zm +2 > ) (=) g(04)g(oy)
ceX(k) =0 ceX (k) 0<i<j<k

=mlgllx -2 > Y. éur)é

TeX (k—2) uwweX-(1)

On the other hand

Yo ldoorllk. = Y > ¢(ut))?

TEX (k—2) TEX(k 2) quXT( )
= Z Z 24 ¢(vr) Z Z o(ut)
TeX (k—2) weX, (1) Te€X (k—2) weX (1)

=mkllgllx -2 Y, > dur)e

reX (k—2) weX, (1)

Subtracting (10) from (9) we obtain (8).

Proof of Theorem 2.3. Let ¢ € kerd;_,. Then for any 7 € X (k — 2)
Y odrv)= > ur) =dj_96(1) =0
veX(0) veX+(0)

Therefore, by the variational characterization of Ao(X)

ldog- %, = (didodr, 6-)x, > da(Xr)ll e lI%, > MX)o- (%,
Substituting (11) in (8) we obtain
lderdlx = > lldodrl%, —mlk = D)l6l%

TeEX(k—2)

>MX) Y lerlk, —m(k = 1)llo]%

TeX (k—2)

= (AX)k —m(k = 1)l6]%-



3 Laplacians Spectra on Y

In this section we prove the following characterization of the spectral gap of complexes that
contain the full (k — 1)-skeleton of balanced complexes.

Proposition 3.1. For any subcomplex Yc(;kk CY CYgox

di._ 2
pr—1(Y) = mm{W:O#gﬁEkerdz_Q}.

We first record some facts concerning the Laplacian spectra of Yy . We will use the
notation introduced in Section 2 with Laplacians L; = L;(Yg i)-

Proposition 3.2.
(i) For0<j<k

S(C(YGk) )—{tn k—j<t<k+1},

5 (C9(Yar), Ly tn) = (k Jtr 1) (k ! j) (1) (12)

(ii) For0<j<k

S(Imd] WL ) (n:k—jr1<t<k+1},

s (Im dj_1, Lj_,tn> _ (k;L 1) (Z: E) - (n — 1)k (13)

For0<j<k-1

S(Imd;,Lj) —{n:k—j<t<k+1),

E+1\/ t-1 (14)
* LT = (n— 1)1t
S(Imd],Lj,tn) ( ; ><k—j—1> (n—1) .

Proof. (i) Recall that V; is the n point space {i} x G. For 0 < j < k let
By = {§= (€1, rens) €{=1,01" rer 4+ 4 e Zj_k}'

The formula for the spectra of the Laplacians of joins (see e.g. Section 4 in [6]) implies that
for0<j <k

S (C](YGk ) ( . *Vk+1),Lj)
= U ( S(CUVY), L)+ + S (CEk+l(Vk+l)a L6k+1)> . (15)

e=(€1,0s€p41)EEL ;

As L_1(V;) is multiplication by n and Lo(V;) is the all ones n x n matrix, it follows that
S(C~YV;),L_1) = {n} and S(C°(V;), Lo) = {0,n} where s(C°(V;),Lo,0) = n — 1 and



S(CO(V;)’LO,TL) = 1. Fix an ¢ = (61,

.,6k+1) GE].C,]'. Then I = {1 <1 <k+1:¢ = —1}
satisfies |I| = k — j. The multiset corresponding to € in (15) is therefore

k—j

j+1
Me={n}+---+{n}+{0,..

S0n}+---4+{0,...,0,n}.

Clearly M, consists of the elements {tn : k — j <t < k+ 1}, where the multiplicity of tn is
( J+1 )(n . -
t_

(k) 1)k+1=t Therefore
: _j +i L) (n = 1)kt
= <k + 1) ( j+1 )(n <i)k+(1kt ])zk - 1> < t > = 1)
k—3j)\t—(k—j) t k—j :

(ii) We argue by decreasing induction on j. For the base case j
implies that 0 € S(Im dj_,

s (C7(Yaw), Lj, tn) = | By

k, first note that (4)
L; ). Moreover, as L;" = 0 it follows by (6) t

y (6) that for A # 0

s(Imdy_1, Ly, \) = s(C*(Yar), Ly, \)
Thus, by (12)

S(mdy_1,L;) =S (ck(Yg,k),Lk) \{0}={tn:1<t<k+1}
and
- k k+1 k11—t
s(Imdg_1, L, ,tn) = s(C"(Yg,k), Lk, tn) = ; “(n—1)

For the induction step, let 1 < jo < k — 1 and assume that (
that (14) holds for all jo < 7/ < k — 1. Then by (7)

S (md;,, L7,) = S (mdj, L, 1)

700 ~jo+1
={tn:k—

13) holds for all jy < j' < k and

Go+ 1) +1<t<k+1}={tn:k—jo<t<k+1}
and

(ImdjO,L;g,tn> =3 (IdeO’L]o—H’ )

e [

X -1 k‘-‘rl—t.
t — jo— 1) (n=1)
Thus (14) holds for j = jo. Furthermore, by (6)

{tn:k—jo<t<k+1}=8(C"(X),Lj)
:S(Imdjo L )us<1md* )

Jo?



and for all kK — jo <t < k—+1

s (Im djo,l,L;O,tn> =s (CjO(YQk),LjO,tn) (Imd* Lt tn)

Jo’ " J0’

(k1N [t o
=0 Jyy) 7

_ 1) (zf:}(])'(n—l)k“_t k—jo+1<t<k+1,
0 t =k — Jo.

Thus (13) holds for j = jp, thereby completing the inductive proof of (ii).

Proof of Proposition 3.1. Let Yc(;kk Vevyc Yo Note that if ¢ € C*1(Y) =

C* 1 (Yag) then [|9lly = [6llve,, Idr-10lly < ldr-19llvg, and [|di_sdlly = lldf_s0llve -
The cases j = k — 1 of (14) and (13) then imply respectively that

a+'—mn{” ﬁgbhfly 0+# ¢ € kerdy,_ }

dg—1¢
< min e HYGk :0# ¢ €kerd;_,
e,
ldr-191l3,, ,
0 £ g ed_, (CH(Van)
{ \qﬁum o (CF0)
=puf (Yor)=min{tn:1<t<k+1}=n

and

d* 2
a_ 1= min w:o%qﬁelmdk,g
[tallie

I} _ 58113
:min{W :0# ¢ €Imdy_o
Yo,

=1 (Ygr) =min{tn : 2 <t < k+ 1} = 2n.

Therefore a; < a—. Moreover, H*"}(Yg ) = 0 together with (3) and (5) imply that there
is an orthogonal decomposition

CH 1Y) = C* N Ygu) = Imdy,_o @ ker df_,.

Let Py, P, denote the orthogonal projections of C*~1(Y") onto Im dj_5 and ker dy_, respec-



tively. Then
Lk 1¢ ¢>

te—1(Y) = min

04de c’“—lm}

”dk 2¢HY+Hdk 193 04 e 1Y)
10115

{ ldy_y PLoll3 + [ldk—1 P23

.0 ckl(y
POl +IPolg 070 )}

Id; o013 + ldr—102[3
61115 + [l 213

_ mm{ a_ @1l + allé2ll3
leull¥ + lle2l3
=min{a_, a4} = a;.

:(0,0) # (¢1,02) € Imdy_o X ker dZQ}

£ (0,0) # (¢1, d2) € Imdy_g X kerdZ_Q}

4 The Fourier Transform

Let £(G) denote the algebra of complex valued functions on G with the convolution product
oxp(z) =3, cq oy )i(y~tz). The inner product on £(G) is given by

=Y d(@)i(z)

zeG

The Frobenius inner product and norm on M;(C) are given respectively by (S,T") = tr(ST™)
and || T||p = \/(T,T) = \/tr(TT*). The Frobenius norm of a product satisfies

ISTlF < IS T (16)

Let R(G) denote the algebra Hpe & Mgy, (C) with coordinate wise addition and multiplication.
Define an inner product on R(G) by

<(S peG)( peG)> Zd (S,, T)) ZdtrST*

The associated norm is given by

|(7:0e@)], = & Xl

peG
Definition 4.1. For ¢ € E(G) and a representation p of G of degree d let
=) ¢(x)p(x) € My(C).

xeG
The Fourier Transform F : L(G) — R(G) is given by

F(9)= () :p€@).

10



A basic result in representation theory (see e.g. exercise 3.32 in [7]) asserts that F is an
isomorphism of algebras and an isometry. In particular, F satisfies the Parseval identity:
For any ¢, € L(G)

(6.9) = (F6). @) = = 3 dy (3(0),5(0)) (17)

pGG

5 The (k —1)-Spectral Gap of Yy

In this section we prove Theorem 1.5. Let X = Y4 ;. We need two preliminary observations.
Let C4 = Y4 1, i.e. the graph on the vertex set V(Ca) = {1,2} x G with edge set

E(CA) = {{(1’351)7 (27'7:2)} T X2 € A} .
Claim 5.1. For any 7 € X (k — 2), the graph X; =1k(X, 1) is isomorphic to C4.

Proof. Let 7 = {(j,y;)}jes where J C [k + 1] := {1,...,k+ 1} and |J| = k — 1. Let

[k + 1]\ J = {i1 <2} Let 21 = y1-+-¥iy—1, 22 = Yiy+1" " Yip—1 and 23 = Yiy 41" Ykt1-
Then X is the graph on the vertex set V; = {i1,i2} x G with edge set

E‘I‘ = {{(i:hx’il)u (7:27xi2)} L 21T41 R2T455 23 € A} .

Let ¢ : V; — V(C4) be given by

. ) . (1,21xi122) t= 1,
¥ ((belt)) - { (2’$2,223) t—=9.

Then ¢ is an isomorphism between X, and C4.

The next result gives a lower bound on the spectral gap of C4.

Proposition 5.2.
A2(Cy) > |A| — v(A).

Proof. Let ¢ € C%(V(C4)) such that > ovevica) @) = 0. For i =1,2let ¢; € L(G)
be given by ¢;(z) = ¢ ((i 7a:)) Define ¢ € L(G) by ¥(z) = ¢2(z7!) and for a € A let
VYa(r) = Y(a12) = ¢o(x71a). Then

$1(1) + Va(1 (qun >+<Zwa )

zeG zeG
- (Z ¢1(:n)) - (Z ¢2(x > $(v) = 0.
zeG zeG veV(Ca)
Hence - . -
$1(1) - Pa(1) = —¢1(1)* < 0. (18)

11



For any p € G

p) =Y tha@)p(z) = ¢o(z  a)p(x)
z€G zeG R (19)
=Y da(y)play™) = pla) > ¢2(y) = p(a)y(p).
yeG yeq

Using the Parseval identity (17) together with (18), (19) and (16) we obtain

Z <¢1a1/)a> = Z <]:(¢1)7F(¢a)>

acA acA
- (Z d, <a<p>,@<p>>)
acA ,06@
- (m + 3" 4, (G1(0). )>)
acA p€G+
= 5w+ L S 4, (3100 oty
aeAp€G+
= 5w+ L Y 4,(50. T
p€G+ (20)
<23 G 1T - Dol
fen

= o 4510 [T - 190)] 1

([ [0 ||F>-<\/§||$<muF>

eG4
( D dollé1(p) F) (;de%)%)

pGG peG

) - Al - Il = v(A) - Mgl - ll 2]l

12



Finally by (20)
Idod|Iz, = > doo ([(1,21), (2, 22)])?
{(z1,72)€G2:z122€ A}

- Y (e - e

{(z1,22)EG?:x12€ A}

=3 > (#aa7ta) — (@)

acA xeG

=3 > (¢1(2)* + ga(z ") — 201 (2)1)a(x))
a€A xeG

= Al (Ilpol” + ll9201?) = 2D {1, tba)

acA
> A [[6liE, —2v(A) - o1]l - =]
> A - lIglle, —v(A) (Ieul® + 1 é2]?)
= (|A] = v(A) I8]IZ,,-
Therefore A2(Ca) > |A| — v(A).
|

Proof of Theorem 1.5. Clearly degy (o) = |A| for all 0 € X(k —1). By Claim 5.1 and
Proposition 5.2

AMX) =min{A(X;): 7€ X(k—2)} = X2(Ca) > |A] — v(A). (21)
Using Proposition 3.1, Garland’s Theorem 2.3 and (21) it follows that

pie—1(X) = min{w 0# ¢ € kerdz_Q}
[rallye

> BACX) — (k= D] A] = k(4] — v(A)) — (k — 1)| A
— |A| — k- v(A).

6 The Spectral Gap of a Random Y,

In this section we prove Theorem 1.6. We will use the following matrix version of Bernstein’s
large deviation inequality due to Tropp (Theorem 1.6 in [16]).

Theorem 6.1 ([16]). Let {X;}I", be independent random variables taking values in My(C)
such that E[X;] =0 and || X;|| < R for all 1 <i <m, and let

o= max{ SB[ D EIX;X] } :
=1 =1
Then for any A >0
= 32
P X;|| >\ <2d S A—
' Z; = ]— eXp< 602+2R)\>
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Proof of Theorem 1.6. Let £ > 1 and 0 < € < 1 be fixed and let m be an integer such
2

that %QD(G) < m < y/n. Let Q denote the uniform probability space of all m-subsets of

G. Suppose that A € Q satisfies v(A) < ek~'m. Then by Theorem 1.5

pr—1(Xax) > |Al = k- v(A)
>m—k-ek 'm=(1-em.
Theorem 1.6 will therefore follow from
Proposition 6.2.

A€ max [Ta(p)| > ekm
pEG+

Prg <

3o

Proof. Let p € @+ be fixed and let A = ek~ 'm. Let €’ denote the uniform probability space
G™, and for 1 < i < m let X; be the random variable defined on w' = (ay,...,an) € &
by X;(w') = p(a;) € U(d,). As p € G, it follows by Schur’s Lemma that E[X;] =0. It is
straightforward to check the X;’s also satisfy the additional conditions of Theorem 6.1 with

0?2 =m and R = 1. Hence

R ) 3\2
Proy | of <80+ |3 X) zA] < 2o (g3
3(ek~tm)? em (22)
-2 - 2 — a2
dp exp ( 6m + 2ek~Im < 2y exp 3k?

< 2d,exp (—3log D(G)) = 2d,D(G) .

Let Q" = {(a1,...,am) € G™ : a; # a; for i # j} C Q' denote the uniform probability space
consisting of all sequences in G™ with distinct elements. The assumption m < y/n implies
that

(Pro[ ")) :f[lanrl = <n;+1>m < exp (M) Se. (%)

Combining (22) and (23) we obtain

Pro [A cQ: |Talp)| = ek 'm }

Z Xi (w//)

i=1

> Xi(w)
i=1

= Prq» [ e

> ek 'm ]
(24)

< Prgy [w’EQ’ :

> ek Im ] - (Pro/[ Q" ])_1

< 6d,D(G) 3.

Note that

14



Using the union bound and (24) it thus follows that

Pro [ v(A) > ek 'm ] <6) d,D(G) =6D(G)? <

6
o n’
peG

7 Y,y for a Subgroup A

In this section we prove Theorem 1.8. Our main tool will be the Wedge Lemma of Ziegler
and Zivaljevi¢ (Lemma 1.8 in [17]). The version below appears in [9]. For a poset (P, <)
and p € P let P, ={q € P:q < p}. Let A(P) denote the order complex of P. Let Y be
a regular CW-complex and let {Z;}¢_, be subcomplexes of Y such that Ule ; =Y. Let
(P, <) be the poset whose elements index all distinct partial intersections () e Z;, where
() # J C [f]. Let U, denote the partial intersection indexed by p € P, and let < denote
reverse inclusion, i.e. p < ¢ if Uy & Up. Note {0} + U, = U,.

Wedge Lemma ([17, 9]). Suppose that for any p € P there exists a ¢, € U, such that the

inclusion Uq>p Uy = U, is homotopic to the constant map to c,. Then

Y~ \/ A(Pp) « U
peP

Proof of Theorem 1.8. Let A be a subgroup of G of size |A| = m and let £ = . Let
gi,---,90 € G be coset representatives of A, i.e. G = Ule g;A. (i) The graph Yy, is
isomorphic to the disjoint union Hle Ag; 1% g;A. This implies (1) since each Ag; Ly giA s
a complete m by m bipartite graph and hence homotopic to a wedge of (m — 1)? circles.
(ii) Let £ > 2. For 1 <i < /{let Wy ; = {k+ 1} X ;A C Vi41 and let

Zki = YAg;l,kfl * Wk,i = YA,kfl * [m] (25)

Then Ule Zyi = Yak. Indeed, let x1,..., 2141 € G, and suppose that x;41 € g;A. Then

0= {(17:51)’ SRR (kaxk)? (k + 1al‘k+1)} € YA,kJ S T1- - Tgyl € A

1

= z1---x, € Ag, T = o€ Zy(k).

Moreover, for any 1 < j # j' <t

J4
Zij 0 Zrgr =) Zri = Yé’fﬁf- (26)
=1

The reduced Euler characteristic of Yg ;1 satisfies ¥ (Yo x-1) = (—=1)*71(n — 1)*. Hence

Ne = (D720 (Y 2) = (CDF2 (R (Yar1) = (D) = nF = (n = )P,

15



As Yék;_? is a matroidal complex of rank k — 1, it follows (see e.g. Theorem 7.8.1 in [4])
that

Gkk 2% = \/ S (27)

Eq. (26) implies that the intersection poset (P, <) of the cover {Z;}{_, is P = [(] U {1},
where ¢ € [{] represents Zy,;, 1 represents YG(kk 2%, [(] is an antichain and i < Tforallic [4].
Note that A(P<;) = 0 for all ¢ € [m] and A( 7) is the discrete space [¢]. We proceed to
prove (2) by induction on k. We first establish the induction step. Let k& > 3 and assume
that (2) holds for k — 1. Then Zj; = Y4 _1 * [m] is homotopy equivalent to a wedge of

spheres of dimensions k¥ — 1 and k. As Y((;k,;ff is a wedge of (k — 2)-spheres, it follows that

the inclusion Y((;k,;_zi — Z},; is null homotopic. Applying the Wedge Lemma together with

(25), (27) and the induction hypothesis, we obtain

V== |\ AP+ Zei | v (APg) «YE2)

i€[¢)
=V Z \/<[5] Y((;kkf%)
1€[{]

12
<
N
o~
L
*
=l
<
/N
=~
*
<=
wn
B
b
N—

12
<
<

w

ol

b
<

<

)

T

*
=3

<

/'3
s

*
<z

)

ol
&
~

\/7_s’f*1v \/7_Skv \/ st

2
<l

to = €(m —1)yo(m, k —1) 4+ (£ = 1)Ny,
= tm = 1) (0= m)a* T+ 5 = 1)F = (0= 1)) + (0= 1) (0 = (0= 1))
= (n—m)n* + F(m — D) — (n = )M = y9(m, k)
and
b= Lm = )y (m,k = 1) = m = 1) (7 (m — 1)")
— (R — )R =

=y1(m, k).

This completes the induction step. To prove (2) for k = 2, first note that assumptions of
the Wedge lemma hold for the decomposition Y, 2 = Ule Zy;i. Arguing as in (28), it thus
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follows that

N2
YAQ(\/YA]_* V([ﬁ]*\/s())
i€[f]
m—1)?2 2n—1
( \/ S| «[m] v([z]* \ SO>
1€f]

0 m—1 [t(m—1)? (£—=1)(2n—1)

~\/\/ \/ SZ\/\/Sl v /s
:\tg/slv<1/82,

where
to=Lm—-1)({—-1)+ ¢ —-1)(2n-1)
=(n—m)n®+02m-1)3—(n—-1)3=1(m,2)

and
tr = (m —1)% = yi(m, k).

This completes the proof of the base case k = 2 and of the Theorem.

8 Concluding Remarks

In this paper we studied the (k — 1)-spectral gap of complexes Y, j, where A is a subset of
a finite group G. Our main results included a lower bound on pg_1(Y4 ) in terms of the
Fourier transform of 14 and a proof that for a sufficiently large constant c(k,e€), if A is a
random subset of G of size at least c(k, €) log D(G), then Y, j, has a nearly optimal (k—1)-th
spectral gap. In view of Remark 2.1(ii) it would be interesting to find suitable counterparts
of Theorems 1.5 and 1.6 for other robustness measures of cohomological triviality, e.g. for
coboundary expansion. We briefly recall the relevant definitions. For a simplicial complex
X and a binary k-cochain ¢ € CF(X;TFy), let

16l = [{o € X(k) : (o) # 0}|
denote the Hamming norm of ¢ and let
6oy = min {16+ i1l : > € CH1 (X))

denote the cosystolic norm of ¢. The k-th coboundary expansion constant of X (see e.g.
[13]) is given by

|dk¢lln Koy k(y.
hi(X) = min { il 0 € NG\ B (X,IFQ)}.

In light of Theorem 1.6 we suggest the following
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Conjecture 8.1. For any fized k > 1 there exist constants C(k) < oo and e(k) > 0 such
that for any group G, the random balanced Cayley complexes Yy ) with |A| = C(k)log D(G)
satisfy hi—1(Yar) > €(k) a.a.s. as |G| = oo.

In a different direction, consider the following example of balanced Cayley complexes.
Let p, ¢ be distinct odd primes such that ¢ > 2,/p and (%) =1, and let G, = PSLy(IF,). The

celebrated construction of Ramanujan graphs by Lubotzky, Phillips and Sarnak [14] implies
that there exists a subset S, ; C G of cardinality |Sp 4| = p+ 1 such that v(S,4) < 2,/p. If
p > 4k? then by Theorem 1.5

Hk—1 (Ysp,mk) > |Spql = kv (Spq) 2 (p+1) —2ky/p = 1. (29)
The following conjecture may be viewed as a coboundary expansion analogue of (29).

Conjecture 8.2. For any fized k > 1 there exist constants po(k) < oo and €y(k) > 0 such
that if p > po(k), ¢ > 2\/p and (%) =1 then hi_1 (ngmk) > eo(k).
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